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Abstract

The paper is to present a simulation
method to search for an optimal (z, Z) (z < 2)
values for the (z, Z) production control
policy so that the expected inventory cost
rate (i.e. expected total cost due to both
inventory holding and backlog per unit time)
is minimal for a single machine system with
buffer. The system is subject to operation-
dependent failure only and alternates
between normal and failure. An algorithm is
presented to illustrate how to estimate the
inventory cost rates for various pairs of (z, Z)
and how to get the minimal one among them.

Notations

C" holding cost per unit time for a single
product

C" shortage cost per unit time for a single
product

d  demand rate (constant)

y  maximum machine production rate
u(t) machine production rate at t

J(t) the inventory level of the system at t
X1 X5, 110, Up times of the machine
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Y,Y,,... i.i.d. Down (i.e repair) time of
the machine

A the reciprocal of mean up time, i.e.
A=1IMTTF

u  the reciprocal of mean down time, i.e.
1 =1/MTTR

(z, Z)inventory lower and upper control
levels for the (z, Z) production control

policy
1. Introduction

Production control policies are mainly to
control/adjust the machine production rate so
that the scheduled customers’ demands can
be satisfied in a most cost-effective way,
which is to minimize a chosen objective
function, expressed in general as a cost
function in terms of machine reliability and
capacity, inventory holding, backlog and etc..
Akella and Kumar (1986) proposed the so-
called HP (Hedge Point) production control
policy for a single machine system to
control/adjust machine production rate to
keep the inventory as close to the optimal
level z* as possible based on the belief that
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such a z* exists (cf. Bai and Gershwin (1990,
1995), Mbihi and Malhame (1999), and
Shairfnia (1998), etc.). Bielecki and Kumar
(1998), and Fong and Zhou (2000) proposed
the so-called Zero-Inventory control policy
to control/adjust production rate to keep the
inventory as close to zero based on the belief
that z* = 0 in certain special conditions.
Bielecki and Kumar (1998) proved that the
zero-inventory control policy could indeed
minimize the inventory cost rate in such
conditions. Ching (1998) proposed the (z, Z)
production control policy to control/adjust
production rate according a rule in terms of
two-control limits z < Z on inventory level.
He mentions without proof that HP policy
can be a special (z, Z) policy in which z* = Z
=z + 1 where z* is the optimal level in HP
policy.

The purpose of this article is to further
study the (z, Z) policy in a way to search for
(z, Z) values, which minimize the expected
inventory cost rate (i.e. the expected total
cost due to both inventory holding and
backlog per unit time) by a simulation
method for a single unreliable machine
manufacturing system. This simulation is
based on the fact that the machine is subject
to operation-dependent failure (i.e. it
deteriorates and then fails due to operation
only) and alternates between Normal and
Failure.

This paper is organized as follows. In
section 2, the system assumptions and the (z,
Z) production control policy are listed, and
several mathematical results which are used
to calculate/estimate the expected inventory
cost rate for the system under such a policy

are then presented. In section 3, the
procedure for the proposed simulation
method is introduced. In section 4, a

numerical example is presented to illustrate
the simulation method, and the results will
be compared with those by eM-plant
software. In section 5, some concluding
remarks and future studies will be presented.

2. System Assumptions and

Production Control Policy

@ 2)

Throughput of this paper, the system
consists of a single unreliable machine with
final buffer, as shown in Fig. 1. It further
satisfy the following assumptions:

1) The machine is to produce a single
type of products.

The machine alternates between
Normal and Failure such that it
follows the alternating renewal
process {X, , Yn}n=1 in Which X, &Y,
are the n-th Up and Down times of
the machine respectively.

The machine, whenever it is normal,
can produce products at any rate
u from O to y where y denotes the
maximum production rate.

The machine subject to operation-
dependent failures only (i.e. its
failure is due to operation only). In
particular, the machine won’t fail
whenever its production rate is zero.
The machine production rate will be
zero whenever it is failed.

The demand rate d for the product
is assumed to be constant.

2)

3)

4)

5)

6)

M R

_.Q_>

X(1)

u(t)
Note: M=machine, and B=buffer
Figure 1. An unreliable single machine with
buffer

2.1 A (z, Z) Production Control Policy

Let J(t) be the inventory level of the
system at t. Then the system is said to have
inventory (resp. backlog) J(t) at t if
J()>0 (resp. J(t)<0 ). In general,
J)=J3"(t)-J" (1)
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where J7(t) = max{J (t),0}
and J ~(t) = max{-J (t),0}.

Under the (z, Z) production control
policy, the machine speed is controlled
according to the rule J(z, Z) [10] given as
follows :

1) The machine starts at its maximal
capacity y at t = 0 with J(0)=0 until either the
inventory level reaches Z or machine fails
whichever occurs first.

2) Once Z-level is reached, the machine
production rate will be re-set to zero until the
inventory level reaches z-level (machine
failure won’t happen during this period).

3) Once z-level is reached, the machine
production rate will be re-set to y until the
inventory level reaches Z-level or machine
fails whichever occurs first.

4) Whenever the machine fails, the
machine production rate will be zero until its
restoration to Normal. Upon each restoration,
the machine production rate will be set to y
until the inventory level reaches Z-level or
machine fails whichever occurs first.

Let a, and b, be the times to the nth
failure and nth restoration of the machine
respectively, and A, =J(a,)&B,=J(b,)
the inventory levels of the system at a, and
bn respectively for each n=1,2,3,.... Then

Lemma 1: Given the machine in the
alternating renewal process {Xn ,Yn}n>1, then
for each n=1,2,3,...,
a,=b,+X, & b =a,+Y, 1)

Furthermore, if the system is under the
(z, Z) production control policy, then
Ay =B+ X, (r-d)& B, =A +Y,(-d)

_ 2
if a,=b,=0

Proof: Eq. (1) is obvious. Eqg. (2)
follows simply according to the above rule
J(z, 2).
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2.2 The Mathematical Results Used To
Estimate the Expected Inventory Cost
Rate

It is observed that in the stochastic
process{J (t)}.,, which is based on that the
machine is in the alternating renewal process
{Xn ,Yn}=1, @ renewal is to occur whenever
the inventory level reaches Z. For
convenience, let 7> denote the time between
successive renewals. Then, by Theorem 3.6.1
in Ross (1993) but with minor manipulation,
the expected inventory cost rate H (i.e. the
expected total cost due to inventory holding
and backlog per unit time) in the long run
will be as follows;

1. . B 1
Hzl% EL CI®)+CI M)pt=

ET,)

| C I @+CI 0
(©)

To estimate H, we may assume without
losing generality that J(0)=Z (i.e. the
system starts with inventory level Z rather
than 0 at t = 0) for simplicity. Then such
estimation is reduced to estimate both E(Tz)
and  E[[JZ(C*I*(t)+C I (t)}dt] as
follows;

E(T; )= SE(TzIN(Tz ) =K)PIN(T; )=k}

(4)
EQZ(CHI*(t)+C I (t)pit

=§1E[ TZ(CHI*(t)+C I (E))NCT, =k)Jdt RUNCT, ) =K}
(5)

in which 7z may be regarded as the
time to the first renewal.

Under the assumption that J(0)=Z, the
machine production rate starts at zero and
so  J(t) decreases  according  to
J(t)=Z—dt from Z to z during [0, %%].
Hence, we may let

-1z

ao =0 & bozid (6)
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A =1(a,) =2 (7)
B, =J(b,) =2 (8)

Proposition 1: Given the machine in the
alternating renewal process {X, ,Yn}n>1 and
under the (z, Z) production control policy but
with J(0)=Z, then for each n=1,2,3,...,

Z—-z nl

a, = r + 2 (X +Y;)+ X, &
i1
Z—-7 n

b, = +2 (X +Y;) 9)
i=1

A=z+ X (r-d)-5Vd+ X, (r-d)
i=1 i=1

(10)
B, =z+YX,(r-d)-YY.d (11)
i=1 i=1
. Z-1
Proof: It is known that a; = + X3

(as the machine starts with a non-zero

production rate since 4% ) and so
b =a,+Y, = £-1 +(X,+Y,) . Suppose
Z—-7 1
that a, = +2(X;+Y;)+ X, . Then
i=1
by Eg. 1),
Z—-z 1
b,=a,+Y, = q +2(X;+Y;) and so
i=1
Z—-z 0
Anyg = +3(X; +Y;)+ X,,; . Hence,
i=1
Eg. (9) is concluded. Suppose that

1 -1

A =2+ X (r—d)= Y d+X,(r—d)
k=1 k=1

. Then by Eqg. (2), we obtain that

By =AY, (d)=2+ X () S+ X,(r—d) Y, (d)
k= k=

Hence, Egs. (10) and (11) are concluded.
g.e.d.

Proposition 2: Given the machine in the
alternating renewal process {X, ,Yn}n=1 and
under the (z, Z) production control policy but
with J(0)=Z, then for each n=0,1,2,...,
—d(t-a if tela,,b
=g vA0e) I el D)
L (r=d)(t-b,) if te[b,,a,.,]

Z-12
d
machine production rate will be zero and so
the inventory level will decrease from Z until
zaccordingtoJ(t)=Z —dt=A; —d(t—a,).
During[bo, ai], the inventory will increase
from z to A;  according to

W)=z +(r—d)(t-222) . At the nth

Proof: During [ao, bo]=[0, ], the

failure time a,, the inventory level will be A,
and the production rate will be zero until by.
Hence, during [an, bn],
J(t)=A, —d(t—a, ). At the nth restoration

time by, the inventory level will be B, and
the production rate will be y until ap+.

Hence, during [bn, an+1],
J(t)=B, —(y—d)(t-b,).
g.e.d.

Proposition 3: Given N(Tz)=k and J(0)=Z,
JO-- . OO, 0

Eral
S YI6-dt-a)T, ,, O+6 -r—Deh)h, . O
4‘[(’% _d(t_q()l[ak ,bk](t) +[(B< +(r_d)([_b<)|[qka](t)

) ) where | (0) = 1 if tel[a,b]
=Z+|§Xk(r—d)—§kd &Y 0 otherwise
and and T, =b, + 2 =B (12)

B, + Xya(r—d)=2+ 3 X, (r—d)- 3, ]
=B, + r—-d)=z+ r—d)-
Ara =By + X ok <2 < Proof: The main results follow from
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Proposition 2. However, it remains to show

Z-B
that T, =b, + :

N(T2)=k, the inventory will increase from B,
to Z during [b, ,T,] according
toJ(t) =B, + (¥ —d)(t—b,). Hence, we get
Z-B,
r—d
solving Z =B, + (y —d)(T, -
g.e.d.

In the case that

b,).

Proposition 4: Given N(T2)=k,

Z-z

J' CHItR)+C I (D)t= cﬂr @-didt+ |, @+ d)(t——))jt]
d

k-1
+C* Zlh [An-d an>rdt+j‘a " By o) e-bT

n=L n
+fk [A—dt *ak)rdﬁ+.‘; " [B+r—d)t-ho)T d
ak k
k-1
+C{
n=1

T
+fk [Ac—dt *ak)Tdt}JrJ; " [Be+(r—d)-boT dg
ak k

"[Ay—d(t-an)T dt+ j: " By +(r-d)¢ )T dt

a
n

Proof: This follows simply from Proposition
2.
g.e.d.

Proposition 5:
(=20 — G2

Jh" it A,>B,>0
[Ay—d(t-a,)] dt=
a, lph .

> 4 if A>0>B,
h 9 on-an-D2 it A>0-B,
Ib [Ay-dt-ay)] dt=4 2 dd
n ~n a5 bn-an)] it 02>y

(@ Wﬁhﬁ*(aml—th)] if  Ay>B,20
E[L%Jr(Hi)'t —h)Tdt=

9 a2 it Apa>0o6,
2
%(F”—d) it A>0>B,

j:“ '[BrHr—)t—Tdt=

—(%1-@[314*20—(1)@»1—@] if 0>Ay>B,

54

T 1 z 5(2 if B>0
[ Boc-atwra- 2 9 whereT, 25
1 Z . —d
- if 0>B
2 (r—d
L[B<+(Hi)¢ noIdt_%%) 0B where Tp-poe 2k
Proof: Since
ﬁ%—d(t—an)ht if  Ay>Bn>0
jb"[/sn—d(t—ann*dt= " A
e +—
’ 0 [A-dt-a)Ht  if Ay>0>B,
a,
A, [Ah-dt-aniit if A>0>B,
B”T

f‘[An —d(t-a,)Idt=
i - ﬁ"/sn _dt-a)ft if 0=A,>B,
B,

Eﬁi+(r4)¢—m)vt i Ay >B,20

J:"“[aq+(r4i)¢—h1)rdt= .
j:“ g, Bttt if Ay 0B,

r—d
B,

) EH’[%HHMWW if A >0B,
E” [+ )t -] dt=

—J:["“Bﬁ+(r—d)(t—t>(])]:lt it 02Ayu>B,
28
" Bttt B0
L[B<+(r45)¢ - herg g 20k

H’ [BHr-d)¢-hodit if 0>B
Hi

B
E[wm)cmmt— BRI T OB wherei = X

and

JIA - dt-and = A, -t~ St -a,)’

LB, +(r=d)(t-b, )t =8, +(r—d)(t-b, ¥
g.e.d.
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X,

A
A

\/\/\/

A

Figure 2: A sample path of {J(t)}., for asingle unreliable machine

3. Simulation Method

The procedure for the proposed
simulation can be described as follows;

First of all, we let Q be the set of m
random generated sample paths from
{Xn Ynlns1, €k the subset of those from
Q with exactly k failures during the first
cycle [0,Tz]. For convenience, we let m
=|Q (the cardinality of ), T, be the
cycle length for the ith sample from € and
Cy the corresponding total cost during [0,
T, 1. Then we get

PIN(T) = kb= P{} = °&

ETINT) =k) ~ — 3T,

T, LI
EJ; [Cx(t)+Cx (t)]qu(I' ,)=K) zmiZC;
k i=l

Hence, the simulation will be reduced to

1) check whether each sample from Q is in

Qy (See Proposition 6) for each k, and 2)

calculate T, and C, for the ith sample in
Q) (See Proposition 7,8).

Proposition 6: The sample {Xn ,Yn}n>1 €
iff it satisfies the following property:

O0<z<A<Z AyAs.., A<Z
& A, 2>272>0

Proof: The proof of such a case for k = 2 can
be illustrated in Figure 3.
g.e.d.

m, =
A A 3
X0 Slope= r-d
7 A X
Slope= d
g e NN L N
h(Z2/aw (ZBHI-ad):  t
X, Y, Y,
< X24>
B, / A Part of
. art o
First Second < Third =
Renewal Renewal Renewal
-« 7% >

Figure 3 A sample path of {J(t)}., between successive Z’swhen k=2.
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Qy, with i=1, 2 , M. Then
D Z-7 kK, h. Z-B
T, = +2(x) +yy+ X
k d nZ::1( n Yn ) r—d
Proof: First of all, T, =b; +

proposition 1). The rest then follows from

Z 4 z (X0 +Y®)
n=1

the fact that b, =

(by proposition 1).

g.e.d.
Proposition 8: For each {x,y®"} ., | €
Q, with i=1,2,...,m¢. Then
C;:C*[J‘O%(Zfdt)dH ;(ZJr(rfd) Zd_z))dt]

+CO [UTA - d(e-aT s [ 8! + (- a)e- b1

+[TA -~ d(t-a)] dty+ [1[B] + (r —d)(t~b})] di}

+C L LA —d(t-a))] dt+ [ (B + (r—a)e-b)]

+ [TA —d(t—al)] di}+ [ '[B! + (r—d)(t )] di}

Proof: This follows from Proposition 4.
g.e.d.

Algorithm:
Step 0: Set m, =0 foreach k=10,1,2,....
Step 1. Generate m random samples

(XY Yo 1 (=1.2....m).
Step 2: To each k = 0,1,2,...., check each
sample {X(”Y(”}n,2 by

applying proposition 5 Whether it
belongs to . _ _
Step 3: If yes, calculate T, and C,

L Z- z-8)
Ti = X(J) +Y(J) + - Tk
T d nzl( A
(by Proposition 7)
_ jOT [C*I"(t)+C I~ (t)]dt (by

Proposition 8) and also set my= my +1.
Step 4: After going through all samples in
Q, we reach the final my and thus

dt

dt

56

P{N(T,) =K}~ P{Q%} = %

Ly

k i=1

E(T|N(T)=k)~

— (by EI [C*x* (t)+C X (t)IdN(T,) = k)~ ZCI

k i=1

Step 5: Calculate

H—ﬁE[J C*J*(t) +C*I* (1)dt]

4. Summary and Further Study

A simulation method is proposed to first
estimate the expected cost rate due to both
inventory holding and backlog under the (z,
Z) production control policy (z < Z), and then
obtain the optimal (z, Z) values for a single
unreliable  machine with  buffer. An
algorithm is presented to illustrate how to
estimate the inventory cost rates for various
pairs of (z, Z) and how to get the minimal
one among them.

Further study can be taken by further
taking: (a) the preventive maintenance or (b)
the product defective rate into consideration
for a single unreliable machine with final
buffer, or by concentrating on (c) an
unreliable series production system with
buffers.
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